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1d Anderson localization of  atomic matter waves

 

Disordered potential 
(optical “speckle” potential)

Final atomic density
(after 1 second)

Laser beam for 
transverse confinement 

Initial atomic density

J. Billy et al, Institut d'Optique (Palaiseau, France), Nature, 453, 891 (2008) 



Classical dynamics of the kicked rotor
Depends on a single parameter K=kT.

Mainly regular for small K => momentum growth is bounded.
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Chaotic diffusion for the standard map  



Momentum distribution at long time 
Fully chaotic regime



Chaotic diffusion for the classical kicked rotor



Diffusion constant for the classical kicked rotor

Spurious effect
of accelerator modes



Quantum dynamics of the kicked rotor
Numerical experiment: compare classical and quantum 
dynamics (averaged over an ensemble of initial conditions).
Start from a state well localized in momentum space.
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Quantum dynamics of the kicked rotor
Numerical experiment: compare classical and quantum 
dynamics (averaged over an ensemble of initial conditions).
Start from a state well localized in momentum space.
At short time, the quantum and classical dynamics are 
equivalent.
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Quantum dynamics
Classical dynamics



Quantum dynamics of the kicked rotor
Numerical experiment: compare classical and quantum 
dynamics (averaged over an ensemble of initial conditions).
Start from a state well localized in momentum space.
At long time, the quantum dynamics freeze.
Equivalent to Anderson localization in momentum space 
(Fishman et al, 1982)

Time t (number of kicks)

(log scale)

Classical dynamics:
chaotic diffusion

Quantum dynamics:
dynamical localization

Casati et al. (1979)



Kicked rotor: Floquet eigenstates of the evolution operator

Momentum p

Linear 
scale

Logarithmic 
scale

Three typical Floquet eigenstates of the chaotic quantum kicked 
rotor showing exponential localization in momentum space

The localization length depends on K, but is similar for all states

momentum p

momentum p



The atomic kicked rotor
Experimentalist point of view: the Hamiltonian writes

Define scaled variables:

Back to the theorist point of view:

Atomic mass

Laser Rabi 
frequency

Laser detuning Laser wavevector

Laser pulse duration Pulse 
period

Atomic recoil frequency
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Experimental setup

Standard Magneto-Optical Trap



Experimental setup (simplified)



Initial momentum distribution (experimental)

Momentum



Experimental observation of dynamical 
localization with cold atoms

Time 
(number of kicks)

Momentum (in units of 2 
recoil momenta)

Initial momentum distribution (Gaussian)

Final momentum distribution 
(exponentially localized)

M. Raizen et al, PRL 75, 4598 (1995)



Experimental observation of dynamical 
localization with cold atoms

(Number of kicks)

Energy
Classical chaotic diffusion

Localization time of the order of 10 kicks

M. Raizen et al (1995)

Dynamical localization



Experimental observation of decoherence on kicked atoms

Add some spontaneous emission events. One event is enough to 
kill the phase coherence of the atomic wavefunction (with 
negligible energy transfer) and destroy dynamical localization.

Energy

One spontaneous emission 
every 130 kicks

One spontaneous emission 
every 20 kicks

Ammann et al (1998)



Classical anisotropic diffusion

Diffusion tensor diagonal in the (1,2,3) axes:

Approximate expressions: 

Numerics along the “1” axis

Numerics along the “2” or “3” axis

Gaussian fits



Numerical results for the three-color kicked rotor

Momentum 
distribution

K (kick strength)



Numerical results for the three-color kicked rotor

Momentum 
distribution

K (kick strength)

Localized
regime

Diffusive
regime



How to identify unambiguously the transition?

Time (number of kicks)

3 increasing
K values



How to identify unambiguously the transition?

At criticality, one expects an anomalous diffusion with 

Time (number of kicks)

3 increasing
K values

with



Schematic view of the experiment

Initial 
atomic cloud

Final atomic cloud

Time

Kicks (amplitude 
quasi-periodically 
modulated with time)

H =
p2

2
+ k cos µ (1 + ² cos!2t cos!3t)

X

n

±(t¡ nT )



From localization to diffusive regime: 
experimental results

localized

diffusive <p2(t)> ~ t

critical regime <p2(t)> ~ t2/3



Experimental momentum distributions

momentum (in units of 2 recoil momenta)

localized

diffusive

critical distribution



Experimental momentum distributions

momentum (in units of 2 recoil momenta)

po
pu

la
tio

n

localized (exponential)

diffusive (Gaussian)



From localized to diffusive regime

time (number of kicks, log scale)

Numerical results
Experimental 

results

localized regime (slope 0)

diffusive regime 
(slope 1)

critical regime 
(slope 2/3)

log scale



Rescaled dynamics at various times (numerics)

K (kick strength)

Critical point

increasing 
time

ln ¤(K; t)

The critical exponent can 
be extracted from the 

variations of the slope at 
the critical point vs. time



Finite time scaling



Finite time scaling

The “displacement” is proportional to »(K)

Diffusive

Localized K

ln »(K)



Finite time scaling analysis of numerical results

Scaling function
Localization length

Critical point
 K

c
=6.6

Critical exponent

Chabé et al, PRL, 101, 255702 (2008)

Numerical data up 106 kicks, latest  result: º = 1:58§ 0:02

º = 1:60§ 0:05



Rescaled experimental results

The critical regime is the horizontal 
line.
Problem: it requires very long 
times to accurately measure the 
position of the transition as well as 
the critical exponent.

increasing
K values

             : Population in the 
zero-velocity class

increasing time

localized (slope 2)

diffusive (slope -1)



Experimental measurement of the critical exponent

Scaling function:

Fit using:
Experimental
points

¯ : cut-off taking into account
experimental imperfections 

º = 1:64§ 0:08

M. Lopez et al, PRL, 108, 
095701 (2012), arxiv:1108.0630



Universality of the critical exponent: experimental test

The critical exponent
is universal

Table of 
data sets

Weighted average:

º = 1:63§ 0:05

M. Lopez et al, PRL, 108, 
095701 (2012), arxiv:1108.0630

º = 1:58



Phase diagram of the Anderson transition

1000 kicks

(from numerics)



Experimental results

120 kicks M. Lopez et al, NJP 15, 065013 (2013)

arXiv:1301.1615



Experimental phase diagram

Experimental points
(120 kicks)

Numerics (1000 kicks)
Error bars reflect systematic 
deviations at short time

(anisotropy)

(k
ic

k 
st

re
n

gt
h

)

Origin of deviations:

 Small ε: decoherence 
               (large K, i.e. laser power)

 Large ε (small K): width of the initial
                 momentum distribution 



Self-consistent theory of localization
Starting point: weak localization correction:

Self-consistent theory:

Self-consistent theory for the kicked rotor (A. Altland, d=1):

classical diffusion constant
density
of states

modified
diffusion constant



Self-consistent theory for the kicked rotor
Periodically kicked rotor (d=1):

Quasi-periodically kicked rotor (d=3):

Position of the critical point:

Take anisotropy into account:

at the critical point

C1 is a cut-off of order unity 

“Ioffe-Regel” criterion for the kicked rotor



Prediction of the self-consistent theory (II)

Experimental points

Very good agreement 
for the position of the 
critical point

Only fair agreement for the 
critical “conductance”

simple prediction

improved predictions



Momentum distribution at the critical point
Very localized initial state =>                         is a direct measure of 
the average intensity Green function
Numerical experiment at the critical point:

Time invariant shape (neither Gaussian, nor exponential)

(millions of kicks)

Momentum
Green

Function
(log scale)

G(0; p; t)
hjÃ(p; t)j2i



Momentum distributions at criticality

Distributions at various times
Distributions at various times
rescaled by the critical t1/3 law



Experimental measurements in the critical regime
Characterized by a specific scaling:

Raw 
experimental

data

Rescaled 
data

Lemarié et al, Phys. Rev. Lett. 105, 090601 (2010)



Experimentally measured critical Green function

Analytical prediction
(Airy function)

Experimental points 
(with error bars)

Residual
/Airy function

Residual
/Exponential

Residual
/Gaussian

Rescaled momentumLemarié et al, PRL 105, 090601 (2010)
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