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Interplay between disorder and 

interactions in 1D

Free particles are always localized

1D

Exact solution (Berezinskii, 1974; Abrikosov, 1978)

l
loc



Disorder rends particles diffusive rather than ballistic!

(Altshuler and Aronov, 1985)

In reduced dimensions…strong reinforcement of disorder 

due to quantum fluctuations!

In presence of short range repulsive interactions: 

competition of Anderson localization vs delocalization!

Bose
glass
phase!



Outline of the Talk

Bosonic atoms in quasiperiod optical lattices

(incommensurate-bichromatic): Model System 

(Bose-Hubbard in 1D) 

Some questions: 

The noninteracting limit (Aubry-Andrè model) and 

character of the localization transition

Effect of the interactions on the transition

The physical quantities of the transition: the 

phase diagram and the momentum distribution

Conclusions and future work…

The analysis: Combined bosonization and DMRG 



Systems of Disordered Bosons
4He in porous media (Vycor, aereogel..)

PRL 61,  1950 (1988)

Disordered Josephson junction networks PRL 77,  4257 (1996)

Different critical exponents of the normal-

superfluid transition



Atoms in optical lattices

Theory:  Jaksch et al. PRL (1998)

Experiment:  Kasevich et al., Science (2001);

Greiner et al., Nature (2001);

Phillips et al., J. Physics B (2002)                            

Esslinger et al., PRL (2004);

and many more …

Ultracold atoms in optical lattices represent an extremely powerful tool for

engineering simple quantum systems with a broad tunability of the parameters, thus

serving as “quantum simulators” (Feynman,1982) to reproduce the physics of

different systems



Superfluid to Mott-insulator 

(Greiner et al., 2002), (Bloch et al., 2007).



Disordered Optical Potential

Fallani et al. 2007



Interacting bosons in disordered potentials

Bose-Hubbard model with bounded disorder in the external potential

Fisher 1989, Jaksch 1998

=s2/s1



Phase diagram of disordered bosons

Bose-Glass phase:Giamarchi, 1988, Fisher, 1989



Interacting bosons in bichromatic OL

Experimental configuration: 1D Atomic systems+two colours                              

t                                                                          along the tubes

LENS 2006-2008



?

DIRECT SF-MI PHASE: POSSIBLE!





X. Deng, R.C., A.M. EPJ B, 68, p.435(2009),  Exp. Roati et al 2009 

Non-interacting-limit



Interacting-limit

L=50,N=25,

t=0.5,=2,U=5 for the Bose glass, U=0 for the Anderson local.



a=k2/k1



Low energy description: Luttinger liquid

Luttinger Liquid Haldane, PRL 47 (1981)

Correlation functions



Perturbative treatment of disorder potential

Luttinger liquid (superfluid) behavior persists provided that the filling is not

commensurate (not satisfied)

Under RG the operator is irrelevant if 

Different from random distributed disorder!                    (Giamarchi, Schulz PRB (1998))

Superfluid towards a Mott-insulating  transition



Incommensurate lattice Commensurate lattice

SF

BGAG

MI

BG

SF

a )N/Nsites=0.5, with N=10, Nsites=20. b) The SF fraction (main figure) and compressibility 

gap (inset) in the case of integer filling with N=Nsites=20.

Uc=3.3



Phase Diagram: 

Commensurate 

case <n>=1



Mott-Lobes: Shrinking







The transition to a Bose glass state has a nonmonotonic dependence 

on the lattice height that could be tested in experiments

We provided prediction on the behavior of the momentum 

distribution central peak 

We showed evidence for a rich phase diagram for a one-dimensional 

Bose gas in a quasiperiodic lattice 

A direct probe of a Bose glass phase and its distinction from a 

Mott insulator could be provided by study of noise correlations.

Effect of  Bose long-range interactions on the insulating phases 

(e.g. topological Haldane insulating phase)  



Cold atomic gases loaded in optical

lattices offer the great opportunity to

probe fundamental properties of

condensed matter physics

Mott-insulator transition 

Bose-glass phase in disordered lattice potentials  

e.g.



We consider a system with periodic boundary conditions and use the

infinite-size algorithm to build the Hamiltonian up to the length L

the Hilbert space of bosons is infinite; to keep a finite Hilbert space in the 

calculation, we choose the maximal number of boson states approximately 

of the order 5n, varying nmax between nmax=6 and 15, except close to the

Anderson localization phase where we choose the maximal boson states

nmax=N. 

The number of eigenstates of the reduced density matrix are chosen in the 

range 80–200.

To test the accuracy of our DMRG method, in the case U=0 or for finite U 

and small chain, we have compared the DMRG numerical results with the 

exact solution obtained by direct diagonalization

The calculations are performed in the canonical ensemble at a fixed number 

of particles N.


