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Introduction

Seismology of rapidly rotating stars (most M > 2 M� stars)
I oscillation frequencies are observed but not interpreted
I concepts and techniques from quantum/wave chaos provide a much needed

understanding of the stellar oscillations

Occurence of wave/quantum chaos in natural system
I stars : a large scale natural system after quantum systems, dielectric cavities,

microwaves resonators ...
I a quantum billard with a strongly inhomogeneous potential



The pulsating stars

I Periodic variations of luminosity

I Pulsating stars cover the Hertzsprung–Russell
diagram

I Each observed frequency corresponds to an
oscillation eigenmode and thus contains an
information about the star interior
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Stellar seismology

I Can we extract the information from the
observed frequencies ?

I For the Sun and solar-type oscillating stars, yes
⇒ helioseismology revolutionized our
knowledge of the Sun

I For other low-mass, cold stars, yes ⇒ an
ongoing revolution thanks to data from spatial
ultra-precise spatial photometry (Corot/CNES
and Kepler/NASA).

I For most M > 2 M� hot stars, no
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What is needed to constrain the star model from its
global oscillation frequencies ?

I accurately compute the mode frequencies for a given star model
I gather constraints on the star model :

from the theory of stellar evolution
from the "classical" surface observables (Teff , v sini, gravity, chemical comp.)

I gather constraints on the oscillation spectrum
a priori informations from the asymptotic theory (global understanding,
structure of frequency spectrum)
theoretical or empirical informations on the mode amplitudes
approximate surface wavelength from spectroscopy



What is needed to constrain the star model from its
global oscillation frequencies ?

I accurately compute the mode frequencies for a given star model
I gather constraints on the star model :

from the theory of stellar evolution
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Stellar rotation across the HR diagram

The hot/cool (or high mass/low mass) star dichotomy

spectroscopy (Royer et al. 2007), interferometry (Peterson et al. 2006)



Normal mode analysis of stellar oscillations

An equilibirum model of star (here a simple polytropic model)

~∇P0 = ρ0~∇
(
ψ0 − Ω2w2/2

)
∆ψ0 = 4πGρ0

P0 = Kρ1+1/µ
0

Small perturbations ∝ exp(−iωt) to the stationary solution

linear equations (here adiabiatic, no Coriolis force, no perturbation of the
gravitional potential) :

∂tρ+ ~∇ · (ρ0~u) = 0,
ρ0∂t~u + 2~Ω ∧ ~u = −~∇P + ρ~g0,

∂tP + ~u · ~∇P0 = c2
s
(
∂tρ+ ~u · ~∇ρ0

)
surface boundary conditions

⇒ Eigenvalues of a linear operator
A(g) = ωB(g) ω the eigenvalue, g(~x) the eigenmode



The slowly-rotating solar-like pulsators

Ω = 0⇒ spherical symmetry

I Solutions are separable :

g(~x) = f (r)Pm
` (θ) exp(imφ)

⇒ the boundary value problem is 1D

I WKB analysis f (r) = A(r) exp[iΦ(r)]
⇒ Tassoul’s formula (n/`→∞) :

ωn`m =
π∫ re

0
dr
cs

(
n +

1
2`+ α

)
+O(1/ω)



The rapidly-rotating M > 2 M� stars

Ω 6= 0⇒ axial symmetry + equatorial symmetry
The solutions are only partially separable g(~x) = f (~xM) exp(imφ)

⇒ solve a 2D linear boundary value problems for each m±
⇒ no simple asymptotic theory

Two basic requirements for stellar seismology were lacking
accurate computation of mode frequencies for a given star model
understanding of the oscillation spectrum from the asymptotic theory



Numerical computation of modes in a rotating star

I construct a complex code with accuracy constraints from spatial photometry
( δωω ∼ 8× 10−5)

I the numerical frequency spectrum is dense and dependent on the numerical
resolution

I no simple physical classification of the modes
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No simple physical classification of the modes

Ω = 0 Ω 6= 0

n radial nodes, ` latitude nodes complex node pattern



Numerical computation of modes in a rotating star

I construct a complex code with accuracy constraints from spatial photometry
( δωω ∼ 8× 10−5)

I the numerical frequency spectrum is dense and dependent on the numerical
resolution

I no simple physical classification of the modes
I a necessarily limited exploration of the spectrum



Modes follow-up from Ω = 0 : an exploration method

A subset of modes are followed by progressively increasing Ω

p modes (1 ≤ ` ≤ 7, 1 ≤ n ≤ 10)
From Ω to Ω + ∆Ω

I mode identity is not lost
I except near the avoided

crossings

Cumbersome but possible
and essential for the first
exploration
(Clement 1986, Lignières et
al. 2006, Reese et al. 2006,
Ballot et al. 2010)



A result of the numerical exploration : an empirical
regular spectrum

— empirical formula :
ωn`m = ∆n n + ∆` `+ ∆m |m|+ α±

— numerical frequencies

better fit when ω → +∞

I regular patterns in observed spectra ?
I possible modelling by an asymptotic

analysis ?
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Ray approximation in the short-wavelength limit

I f (~x) = A(~x) exp[iΦ(~x)] ⇒

{
(~∇Φ)2 =

ω2−ω2
c

c2
s

Eikonal
A = h(Φ)

I Solution along the ray ~x(s) takes the Hamiltonian form :
d~x
ds = ~k

d~k
ds = −~∇W

~k = ~∇Φ : wavevector (⇔ momentum)
W = − 1

2c2s

(
ω2 − ω2

c
)
: potential



Acoustic rays

Ω = 0
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Acoustic dynamics phase space
Poincaré Surface of Section

Ω = 0
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A mixed dynamical system resulting from a KAM
transition



Semi-classical quantization of a mixed system

Quantum physics
I wave mechanics

the wavefunction
Ψ(~x , t) = g(~x) exp(−iEt/~)
the energy level E

I Classical mechanics in the limit
λ→ 0

Semi-classical quantization
I integrable system

modes are constructed on tori
the spectrum is regular

I chaotic system
random matrix (Wigner)
trace formula (Gutzwiller)

Histogram of si = Ei+1−Ei
∆E for a chaotic system

I nuclear energy levels (Bohigas et al. 1983)
I random matrix theory

P(s) = π
2 s exp(−πs2/4) reproduces the

spectrum statistics



Semi-classical quantization of a mixed system

Quantum physics
I wave mechanics

the wavefunction
Ψ(~x , t) = g(~x) exp(−iEt/~)
the energy level E

I Classical mechanics in the limit
λ→ 0

Semi-classical quantization
I integrable system

modes are constructed on tori
the spectrum is regular

I chaotic system
random matrix (Wigner)
trace formula (Gutzwiller)

Predictions for a mixed system
I Dynamically independent phase space regions produce independent

sub-spectra
I Quasi-integrable region R ⇒ ωnR`Rm = fR(nR, `R,m)

I Chaotic region ⇒ a non-regular spectra with specific statitiscal properties



Confrontation with ∼ 300 numerically computed modes
Mode classification from Husimi projection onto phase space

Ω = 0.6ΩK
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Confrontation with ∼ 300 numerically computed modes
Mode classification from Husimi projection onto phase space

The spectrum is a superposition of sub-spectra with different properties

Lignières & Georgeot 2008, 2009



Statistics of the chaotic mode spectrum

∆ =
ωi+1 − ωi

< ωi+1 − ωi >

∼ distrib. de Wigner



Semi-classical quantization of the stable periodic orbits

I Approximation of the wave equation in the vicinity of the periodic orbit
(Babich, 1968)

I the parabolic equation : Φm(s, ξ) = exp
(

iω
∫ s ds′

c̃s

)
Um(s, ξ)

∂2Vm
∂ν2

− K (s)ν2Vm +
2i
c̃s

∂Vm
∂s = 0,

with ν =
√
ωξ and Vm = Um/

√
c̃s .

I a solution of the form V 0
m = A(s) exp

(
i Γ(s)

2 ν2
)
, Γ ∈ C can be determined

from the monodromy matrix of the periodic orbit



Formula for regular sub-spectrum in rapidly rotating stars

ωn,l,m = δn(m)n + δ`(m)`+ β(m) ,

with
δn(m) =

2π∮ ds
c̃s

, δ`(m) =
2πNr + α∮ ds

c̃s

and β(m) =
δn + δ`

2 .

Nr a winding number and α the ‘stability angle’.

Comparaison with the numerical results Pasek et al. 2011, 2012
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Conclusions

I acoustic ray dynamics combined with semi-classical quantization methods
give a general understanding as well as quantitative results

I it will guide efforts to interpret the spectra of rapidly rotating stars
I it predicts the occurence of wave chaos in rapidly rotating stars



Perspectives

I observational signatures of wave chaos in stars ?
superposition of m± independent subspectra destroys the Wigner distribution
only two m=0± subspectra in rapidly rotating stars seen nearly pole-on ⇒
Vega

I approximate regular spacing in the chaotic spectrum : strong inhomogeneity
of the potential ?

I extension to gravito-inertial modes :
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