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Anderson localisation is

I computationally hard;

I fundamentally important (MIT, QHE, . . . );

I difficult to observe unambiguously [→ Ch. Aegerter’s talk]

1D Anderson localisation

1 

preprint.doc, 2008-04-14,09:04:00 

Direct observation of Anderson localization of matter-waves in a controlled 
disorder 

Juliette Billy
1
, Vincent Josse

1
, Zhanchun Zuo

1
, Alain Bernard

1
, Ben Hambrecht

1
, Pierre Lugan

1
, David Clément

1
, 

Laurent Sanchez-Palencia
1
, Philippe Bouyer

1 
& Alain Aspect

1 

1
Laboratoire Charles Fabry de l'Institut d'Optique, CNRS and Univ. Paris-Sud, Campus Polytechnique, RD 128, F-

91127 Palaiseau cedex, France

In 1958, P.W. Anderson predicted the exponential 

localization
1
 of electronic wave functions in disordered 

crystals and the resulting absence of diffusion. It has been 

realized later that Anderson localization (AL) is 

ubiquitous in wave physics
2
 as it originates from the 

interference between multiple scattering paths, and this 

has prompted an intense activity. Experimentally, 

localization has been reported in light waves
3,4,5,6,7

, 

microwaves
8,9

, sound waves
10

, and electron
11

 gases but to 

our knowledge there is no direct observation of 

exponential spatial localization of matter-waves (electrons 

or others). Here, we report the observation of exponential 

localization of a Bose-Einstein condensate (BEC) released 

into a one-dimensional waveguide in the presence of a 

controlled disorder created by laser speckle
12

. We operate 

in a regime allowing AL:  i) weak disorder such that 

localization results from many quantum reflections of 

small amplitude; ii) atomic density small enough that 

interactions are negligible. We image directly the atomic 

density profiles vs time, and find that weak disorder can 

lead to the stopping of the expansion and to the formation 

of a stationary exponentially localized wave function, a 

direct signature of AL. Fitting the exponential wings, we 

extract the localization length, and compare it to 

theoretical calculations. Moreover we show that, in our 

one-dimensional speckle potentials whose noise spectrum 

has a high spatial frequency cut-off, exponential 

localization occurs only when the de Broglie wavelengths 

of the atoms in the expanding BEC are larger than an 

effective mobility edge corresponding to that cut-off. In 

the opposite case, we find that the density profiles decay 

algebraically, as predicted in ref 13. The method 

presented here can be extended to localization of atomic 

quantum gases in higher dimensions, and with controlled 

interactions. 

The transport of quantum particles in non ideal 

material media (e.g. the conduction of electrons in an 

imperfect crystal) is strongly affected by scattering from the 

impurities of the medium. Even for weak disorder, semi-

classical theories, such as those based on the Boltzmann 

equation for matter-waves scattering from the impurities, 

often fail to describe transport properties
2
, and fully quantum 

approaches are necessary. For instance, the celebrated 

Anderson localization
1
, which predicts metal-insulator 

transitions, is based on interference between multiple 

scattering paths, leading to localized wave functions with 

exponentially decaying profiles. While Anderson's theory 

applies to non-interacting particles in static (quenched) 

disordered potentials
1
, both thermal phonons and repulsive 

inter-particle interactions significantly affect AL
14,15

. To our 

knowledge, no direct observation of exponentially localized 

wave functions in space has been reported in condensed 

matter. 

 

Figure 1. Observation of exponential localization. a) A 
small BEC (1.7 x 10

4
 atoms) is formed in a hybrid trap, which 

is the combination of a horizontal optical waveguide ensuring 
a strong transverse confinement, and a loose magnetic 
longitudinal trap. A weak disordered optical potential, 
transversely invariant over the atomic cloud, is superimposed 
(disorder amplitude VR small compared to the chemical 

potential !in of the atoms in the initial BEC). b) When the 
longitudinal trap is switched off, the BEC starts expanding and 
then localises, as observed by direct imaging of the 
fluorescence of the atoms irradiated by a resonant probe. On 
a and b, false colour images and sketched profiles are for 
illustration purpose, they are not exactly on scale. c-d) 
Density profile of the localised BEC, 1s after release, in linear 
or semi-logarithmic coordinates. The inset of Fig d (rms width 
ot the profile vs time t, with or without disordered potential) 

shows that the stationary regime is reached after 0.5 s. The 
diamond at t=1s corresponds to the data shown in Fig c-d. 
Blue solid lines in Fig c are exponential fits to the wings, 
corresponding to the straight lines of Fig d. The narrow profile 
at the centre represents the trapped condensate before 
release (t=0). 

 

[Billy et al., Nature (2008)]

3D Anderson localisation

Figure 3: (A) The fraction of atoms in the localized component measured after 20 ms
of expansion into the disordered potential for varying ∆ and T = 240 ± 20 nK (•),
480 ± 20 nK (�), 1130 ± 60 nK (�), and 1470 ± 230 nK (�). Each point is determined
from fits to 5 images. The growing localized fraction with increasing ∆ is evident in the
insets, which are images (with a false color logarithmic scale) taken at T = 480 nK and
∆ = 0 (i), 80 (ii), 160 (iii), and 320 kB×nK (iv). (B) Using the data in (A), the mobility
edge Ec is determined at each ∆. Each point is a weighted average of Ec accounting for
the uncertainty in T and localized fraction. The error bars are the range of Ec for the
different temperatures that contribute to each point.
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0 −→ disorder strength
[Kondov et al., Science (2011)]

[Jendrzejewski et al., Nat.Phys.(2012)]

I Which observables? “Absence of diffusion ..”?
How to prove phase coherence?
‘Smoking gun’ of Anderson localisation?



Look in momentum space!
−→ k0

A brief history of times . . .

0

t

τs τ1 τ2 . . .
τ loc τH

←− τ∆ = [2D∆k2]−1 −→

∝ e−t/τs
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FIG. 1. (Color online) Momentum distribution !(kx,ky,t) of a
matter wave packet launched with initial momentum k0 = (k0,0) in
a 2D random potential with correlation length " , averaged over 960
disorder realizations. The time unit is #" = m" 2/h̄. (a) t = 10#" :
Elastic scattering depletes the initial wave packet, centered at k0 (peak
values not shown), and populates the disorder-broadened energy shell
along the circle |k| = |k0|, while the CBS peak emerges at !k0.
(b) t = 18#" : The CBS peak is now the dominant feature, proving
phase-coherent multiple scattering.

a correlated potential with " = 1 µm, the absolute time scale
is #" = 1.365 ms. Figure 1 shows the numerically computed,
ensemble-averaged momentum distribution !(kx,ky,t) at two
different times.

At short times [Fig. 1(a), t = 10#" ], one sees a very narrow
peak at k0, a broad, ring-shaped anisotropic background,
and a rather smooth peak at !k0. The forward peak is the
remainder of the initial momentum distribution, which is
depleted because atoms are scattered out of the initial mode at
a rate given by the elastic scattering time #s [13]. The latter can
be extracted from the early-time decay !(k0,t) " |$(k0,t)|2 #
exp(!t/#s). We find #s = 1.43#" , with a corresponding mean
free path %s = v0#s such that k0%s = 5.72 for the parameters
used. Weak-disorder perturbation theory [6] predicts too low
a value (k0%s = 2.32), as known for rather strong, spatially
correlated disorder [21]. This shows how the early-time
momentum distribution can be used to measure the key
parameter #s , even in the strong-disorder regime where precise
analytical predictions are not available [23].

Atoms scattered out of the initial mode populate all
other accessible k-space modes on the energy shell and thus
appear along the circle |k| = |k0| in Fig. 1. Due to disorder
broadening, the energy shell has a finite width, of order %!1

s ,
which is larger than the initial width &k for the chosen
parameters. After a time of the order of the Boltzmann time
#B = 8.5#" (k0%B = 34) [6], the dynamics turns from ballistic
to diffusive. As the memory about the initial direction of
propagation gets erased, the diffusive momentum distribution
then becomes isotropic on average. More precisely, for t ! #B,
i.e., when diffusion is fully established, we find that the decay

FIG. 2. (Color online) CBS peak contrast C (blue circles) and
angular width &' (red squares) as obtained from the numerics after
averaging over 960 disorder configurations and over a time window of
10#" . Solid curves: Theoretical predictions (10) and (11), respectively.
Dashed horizontal line: Angular width &'0 = 0.01/

$
2 of the initial

momentum distribution, asymptotically reached by the CBS width
for times much larger than the coherence time #& = (2D&k2)!1 =
216#" .

of the anisotropic Fourier components of the background is
well fitted by exp(!t/# ), where # is the transport time that
governs the diffusive dynamics. For the present parameters,
one finds # = 5.8#" (corresponding to a transport mean free
path k0% = 23.2). As expected, # is smaller than #B, due to
weak-localization (WL) corrections [21] arising at early times
and caused by very short CBS loops. In Fig. 1(a), the peak at
!k0 is the incipient CBS signal.

At longer times [Fig. 1(b), t = 18#" ], the initial state is
totally depleted, the diffusive background is fully isotropic, and
the CBS peak is the dominant feature. Both its contrast C, de-
fined as the height above the diffusive background, and its an-
gular width &' slowly decrease with time, as shown in Fig. 2.

For a quantitative understanding of these observations, we
now turn to the analytical description of matter wave dynamics
in dimension d = 2,3. The ensemble-averaged momentum
distribution !(k%,t) at time t is given by [6]

!(k%,t) =
!

dk
(2( )d

!
dE

2(
)kk%E(0,t)!0(k), (2)

where the intensity propagation kernel )kk%E projects the
initial momentum k on the energy shell E, describes the
ensuing unitary dynamics generated by the Hamiltonian
H , and projects back onto the final momentum k%. For
long enough times t & #B, but well before the onset of
Anderson localization, the atomic dynamics is diffusive with
an energy-dependent diffusion constant D(E) = 2E#/(md)
that incorporates the short-range WL corrections. The intensity
propagation kernel then takes the form

)
(L)
kk%E

(q,t) = A(k,E)A(k%,E)
2(*(E)

exp[!D(E)q2t]. (3)

The spectral function A(k,E) = 2( 'k| +(E ! H ) |k( is the
average probability density that a plane-wave state |k( has
energy E. It also determines the average density of states
*(E) =

"
A(k,E)dk/(2( )d+1. Using (3) at momentum trans-

fer q = 0 in Eq. (2) results in a time-independent isotropic
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I Early-time dynamics yield τs, τ1, τ2, ...
[Plisson, Bourdel, Müller, arXiv:1209.1477]

I Coherent back scattering (CBS) proves phase coherence
[Cherroret, Karpiuk, Müller, Grémaud, Miniatura, PRA (2012)]

[Jendrzejewski, Müller, Richard, Date, Plisson, Bouyer, Aspect, Josse, PRL]

I Coherent forward scattering (CFS) appears at τ loc = ξ2
loc/D

and evolves on Heisenberg time scale τH = hνξdloc.
[Karpiuk, Cherroret, Lee, Grémaud, Müller, Miniatura, PRL (in press)]



I Average momentum distribution nk(t) = |ψk(t)|2:

nk(t) =

∫
dE

2π
nk(E , t) =

∫
dE

2π

∑
k′

Φkk′(E , t)nk′(0)

I Density propagator Φkk′(E , ω) = GR
kk′

(E + ω)GA
kk′

(E )

I Quantum kinetic eq (Bethe-Salpeter)

[−iω + γk(E )]Φkk′(E , ω) = Ak(E )
[
δkk′ +

∑
p

UkpΦpk′(E , ω)
]

I spectral density Ak(E ) = −2ImGR
k (E ) = γk(E )|GR

k (E )|2
I Vertex Ukp(E , ω) for potential scattering p→ k

∂tnk(E , t) =− γk(E )nk(E , t) + Ak(E )nk(0)δ(t)

+ Ak(E )

∫
dω

2π
e−iωt

∑
p,k′

Ukp(E , ω)Φpk′(E , ω)nk′(0)



I Very early times: only initial mode k = k0 is populated

∂tnk(E , t) = −γk(E )nk(E , t) + Ak(E )nk(0)δ(t)

I Exponential decrease with rate τs
−1 = γk(Ek)

nk(t) = Θ(t)

[∫
dE

2π
Ak(E )e−γk(E)t

]
nk(0) ≈ e−t/τsnk(0)

I Numerical simulation in 2D speckle (Thomas Plisson, LCFIO):
t = 0.1tσ 10tσ 20tσ

k0σ = 0.9

τs = 6.7tσ
BA
= 2.5tσ

k0σ = 1.8

τs = 2.4tσ
BA
= 1.4tσ

I Born approximation (BA) for V 2/EkEσ = 0.30 “small”
[Kuhn et al., PRL (2005), Hartung et al., PRL (2008)].



I Self-energy

Σ = • •+ • • • + . . .

determines

U =

•

•
+
• •

•
+
• •

•
+ . . .

⇔ Ward identity (“optical theorem”)

γk(E ) =
∑
p

Ap(E )Upk(E , 0)

assures probability conservation
[Vollhardt & Wölfle (1980), Kuhn et al. (2007)]



I For non-singular U(E , ω)→ U(E , 0) and t > 0
arrive at Markovian master equation (Pauli)

∂tnk(E , t) =
∑
p

Ukp(E ) [Ak(E )np(E , t)− Ap(E )nk(E , t)]

I Assume nk(E , t) = Ak(E )nk(t):

∂tnk(t) =
∑
p

Ūkp [np(t)− nk(t)]

with transition rates Ūkp =
∫

dE
2πAk(E )Ap(E )Ukp(E )

I On the elastic scattering circle k = k0(cos θ, sin θ):
θ

k0

k

∂tn(θ, t) = γs

∫ 2π

0
dφu(φ− θ) [n(φ, t)− n(θ, t)]

with phase function u(β) = Ū(β)/
∫
dφŪ(φ)



I Solution via Fourier analysis n(θ) =
∑

m∈Z cme
imθ

∂tcm(t) = −γs(1− um)cm(t)

cm(t) = e−t/τmcm(0)

I Characteristic times: τm = τs/[1− 〈cosmθ〉u]

I Ex. 1: white-noise potential Uq = U0, u(β) = 1/2π,

um = 〈cosmθ〉u = δm0

τm = τ−m = τs ∀m ∈ N

I Ex. 2: Gaussian correlation
Uq ∝ exp{−q2σ2/2}:

um =
Im(k2σ2)

I0(k2σ2)
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I Last survivor: τ1 = τtr (diffusion!)
Complete dynamics n(θ, t)⇔ {τm}



Measure τs/τm to reconstruct the phase function:

u(β) =
1

2π
+

1

π

∑
m∈N

(1− τs

τm
) cosmβ
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Conclusions

∂t~n = (U− Γ)~n
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I T. Plisson, T. Bourdel, CAM [arXiv:1209.1477 → EPJ ST]

I Limited to short times t . τ1, before U(E , ω)
develops the cooperon singularity (→ CBS, CFS).

I Not limited to weak disorder/classical contributions/. . .

I Do we see short-path WL corrections?
[Eckert, Wellens, Buchleitner, JPA (2012)]

I . . . or transient classical backscattering enhancement?
[→ D. Delande’s talk]

ee Fondation des Sciences Mathématiques de Paris (FSMP)
within “Disordered Quantum Systems” at IHP 2012.


